Abstract. We give the optimal lower bound for the signature of any slalom divide knot in terms of its genus. This yields a lower bound for the topological four-ball genus of slalom divide knots. We also show that the signature of any nontrivial divide knot is strictly positive and that in this general case, there exists no better bound for the signature in terms of genus. Furthermore, the question whether the fiber surfaces of divide knots are plumbings of trefoil fibers is considered.
Introduction
A divide is a finite collection P of some generically immersed intervals or circles in the closed unit disc D. There is a canonical way of lifting these intervals and circles to a link L(P ) ⊂ S 3 , where S 3 lies inside the tangent bundle T D, which is identified with D × R 2 . Divides and their associated links were introduced and shown to be a generalisation of Milnor's [Mi] algebraic links by A'Campo [AC1] . Furthermore, divide links were shown to be fibred by A'Campo [AC2] and, more precisely, to be plumbings of positive Hopf bands by Ishikawa [Is] . Here, plumbing denotes the operation of glueing two surfaces separated by a ball together along some square on the boundary of the ball, as defined by Stallings [St] .
The main focus of this paper lies on bounds for the signature invariant σ of divide knots. Since by Ishikawa's plumbing construction, divides come not only with a canonical Seifert surface but also with a canonical basis of their first homology, their signature is easy to calculate.
For p and q coprime, one can show that the torus knot T (p, q) has signature at least half the first Betti number of its fiber surface with the help of the recursive formulas proven by Gordon, Litherland and Murasugi [G-L-M] . Furthermore, by Shinohara's [Sh] cabling relation, this can be extended to all algebraic knots. More recently, a linear lower bound that holds for all positive braids was given by Feller [Fe] . We will prove the following lower bound for the signature of divide knots.
Theorem 1.1. The signature of any nontrivial divide knot is strictly positive.
Maybe more interestingly, we will show that this result is optimal. Indeed, we will construct divide knots of arbitrarily high genus but signature equal to two. This is in strong contrast with the above examples where the signature is actually known to be linearly bounded from below by the genus. We will, however, provide such a linear lower bound on the signature for a specific subclass of divides, the so-called slalom divides.
Theorem 1.2. The signature of any slalom divide knot is at least three quarters of the first Betti number.
Again, this result is optimal and we will construct slalom divide knots of arbitrarily high genus but signature equal to exactly three quarters of the first Betti number.
Since half the signature is a lower bound for the topological fourball genus by a result of Kauffman and Taylor [K-T] , we obtain the following result as a corollary of Theoren 1.2. Corollary 1.3. The topological four-ball genus of any slalom divide knot is at least three quarters of its genus.
Another motivating question for this paper is whether the fiber surface of any divide knot is also a plumbing of trefoil fibers, where a trefoil fiber is just the plumbing of two positive Hopf bands, see Fig. 1 . It was shown by Giroux and Goodman [G-G] that the fiber surface of any fibred link is a plumbing and deplumbing of Hopf bands. They include a remark suggesting that for fibred knots, their plumbing and deplumbing operations can be made two by two, such that the intermediate steps are always fibred knots. Thus, the fiber surface of any fibred knot would be a plumbing and deplumbing of trefoil and figure eight fibers. Since plumbing preserves quasipositivity [Ru] , this implies that the fiber surface of any divide knot is a plumbing and deplumbing of trefoil fibers. The question is whether the deplumbing operation is really necessary for divide knots. In general, the deplumbing operation is necessary: Fig. 2 describes an example of a fibred knot whose fiber surface is a plumbing of positive Hopf bands but not a plumbing of trefoil fibers. For specific classes of fibred knots, however, the trefoil deplumbing operation need not be necessary. For example, it was shown by that the fiber surface of any positive braid knot is a plumbing of trefoil fibers. Unfortunately, we will only be able to show that the slalom divide knots form such a class. For the class of all divide knots, the question remains open. Figure 2 . Plumbing a positive Hopf band first along the red interval and then along the blue interval yields a surface with one boundary component that is a plumbing of positive Hopf bands but not a plumbing of trefoil fibers. This is discussed in more detail in Example 5.2.
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Divides and slalom divides
A'Campo [AC1] introduced divide links as a generalisation of algebraic links and showed [AC2] that links associated to connected divides are fibred.
Definition 2.1. Let D ⊂ R 2 be the closed unit disc. A divide P ⊂ D is a collection of a finite number of immersed intervals and circles, such that the following conditions hold.
(1) ∂P ∩ ∂D consists exactly of the endpoints of the immersed intervals. (2) Transversal double points are the only kind of intersections occurring. (3) There are no intersection points on ∂D.
To any given divide, a link is associated in the following way. Identify the tangent bundle T D to the unit disc with D × R 2 ⊂ R 4 and let S 3 ⊂ T D ⊂ R 4 be the unit sphere. Let T P ⊂ T D be the space of vectors tangent to the divide P .
It is easy to see that L(P ) is in fact a link. Every double point of the divide P contributes four points to the link L(P ), every point of P that lies on ∂D contributes one point to L(P ) and every other point of P contributes two points to L(P ). Thus, L(P ) has one component per immersed interval plus two components per immersed circle. An algorithm to, given any divide P , draw a diagram of the associated link is given by Hirasawa [Hi] . Furthermore, the links associated to two divides that are connected via an isotopy that never violates the conditions in the definition are equivalent. Example 2.3. A'Campo [AC3] introduced a special class of divides, the slalom divides. They are obtained in the following way: Take a rooted tree Γ inside the unit disc D with the root on the boundary ∂D. Now, immerse an interval by the kind of slalom motion around the vertices of Γ depicted in Fig. 3 .
Given any divide P , we obtain the fiber surface Σ(P ) for L(P ) in the following way. Colour the regions of D \ P in black and white, so that adjacent regions have different colour. Now define Σ(P ) to be the set of points (x, v) ∈ T D ∩ S 3 such that x ∈ P and v points into the adjacent black region. Also include the v that are tangent to the divide at the point x. These form L(P ), the boundary of the Seifert Figure 3 . Left a rooted tree in the unit disc, right the corresponding slalom divide.
surface. If x is a double point of P , add all the (x, v) to Σ(P ). Around a double point of P , the surface Σ(P ) looks as shown in Fig. 4 . This construction is used by and actually goes back to Birkhoff, who used it to obtain cross-sections for the geodesic flow in three-manifolds. In our particular case, it is the fiber F −1 (i) of the fibration A'Campo [AC2] gave for connected divides. . Depending on how the regions are colored, the fiber surface around a double point of the divide either looks like on the left or like on the right. In both cases, the right end of the light grey is identified with the left end of the light grey in the following way. Imagine the left end to be on the bottom and the right end to be on top of a cylinder. Without any twisting or knotting, glue bottom and top of the cylinder together in threespace to yield a torus.
Plumbing constructions for divides
In Section 2, we introduced the fiber surface of divide links. In this section, we consider some ways to modify a divide and prove that on the level of the fiber surface, these modifications correspond to certain plumbing constructions. In the following pictures, we assume the divide to be connected before and after the modification. We do not modify outside the dotted line.
∂D ∂D
X-move U-move Figure 5 . The U-move and the X-move. On the level of the fiber surface, both correspond to a plumbing of a positive Hopf band.
Lemma 3.1 ( [Is] ). On the level of the fiber surface, the U-move corresponds to a plumbing of a positive Hopf band.
Lemma 3.2. On the level of the fiber surface, the X-move corresponds to a plumbing of a positive Hopf band.
Proof. Fig. 6 shows the fiber surface of the divide before and after the X-move. The fiber surface after the X-move is then seen to be ambient isotopic to a surface which is obviously obtained by plumbing a positive Hopf band to the fiber surface before the X-move, see Fig. 7 . Ishikawa [Is] combines Lemma 3.1 and a special case of Lemma 3.2 in the following way to show that the fiber surface of any connected divide link is a plumbing of positive Hopf bands: On any given divide P , use inverse U-moves until there are no inner faces left, then use inverse X-moves until there are no double points left. On the level of the fiber surface, this corresponds to deplumbing positive Hopf bands until arriving at an embedded disc.
However, the U-move and the X-move can also be combined to yield trefoil plumbing constructions, as shown by Lemma 3.3.
Lemma 3.3. On the level of the fiber surface, executing first a U-move and then an X-move (or vice versa) as shown in Fig. 8 corresponds to a plumbing of a trefoil fiber.
Proof. Drawing the fiber surfaces before and after the U-move, this follows directly from Lemma 3.1 and Fig. 7 . . Two ways to combine a U-move and an Xmove to obtain a plumbing of a trefoil fiber.
Proposition 3.4. The fiber surface of any slalom divide knot is a plumbing of trefoil fibers.
Proof. This follows directly from the fact that combining an X-move with a U-move as in Lemma 3.3 corresponds to a plumbing of a trefoil fiber.
Signature of divides and slalom divides
A matrix S of a Seifert form of a given divide link can be calculated as described in [B-D1]: As a basis of the first homology of the fiber surface, take the core curves α i of the positive Hopf bands used in Ishikawa's [Is] plumbing construction for divide links, see Section 3. Thus, the basis consists of one curve for each inner face and one curve for each double point of the divide. Drawing pictures of the various situations, the following result is obtained:
where n-fold adjacency is defined as follows. Two curves corresponding to inner faces are called n-fold adjacent, if the inner faces have n common edges. A curve corresponding to a double point and a curve corresponding to an inner face are called n-fold adjacent if the double point occurs n times in the boundary of the inner face. Two curves corresponding to different double points are 0-fold adjacent. To obtain the signature of the divide link, simply calculate the signature of S. When the signature of a divide link is calculated in what follows, it will always be by the use of this method.
4.1. Proof of Theorem 1.1 and its optimality.
Proof of Theorem 1.1. Let P be a nontrivial interval divide with n inner faces G 1 , ..., G n . Connect the end of the immersed interval with the beginning in the counterclockwise direction. This yields a new face A with a vertices. Now identify the disk with its inverse image in the northern half sphere under the projection. As another new face, take
This yields a decomposition of the sphere into F = n + 2 faces. The vertices of the decomposition are exactly the double points of the divide. Write V for the number of vertices and E for the number of edges. Since every vertex has degree four, we have that E = 2V . Since the Euler characteristic of the sphere is two, we also have that
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and thus V = n. Since every vertex has degree four, we furthermore have that
where x i is the number of double points on the boundary of the inner face G i . Since a is strictly positive, there has to be an inner face G with at most three double points on its boundary. Now consider the subspace of the first homology of the fiber surface spanned by the curves that correspond to the n vertices and the inner face G. On this n+1-dimensional subspace of the 2n-dimensional homology, the Seifert form is positive definite and therefore the signature of the divide knot is at least two. Here, we use that the matrices Remark 4.1. The above proof generalises to divide links. Depending on the number m of immersed intervals (immersed circles do not count), one gets several new faces A 1 , ..., A m and B and the equality relating vertices and inner faces becomes V = n + m − 1. If m = 0, the same argument yields that the signature must be at least one. If m > 1, just by considering the subspace of the first homology spanned by the curves that correspond to vertices, one gets that the signature of the link must be at least m − 1. In particular, the signature of any nontrivial divide link is strictly positive.
Proposition 4.2 proves the optimality of Theorem 1.1 in the following sense. For any number n ≥ 1, it provides an example of a divide with n double points such that the signature of the corresponding knot is equal to two. Since the number of double points of a divide is equal to the genus of the associated divide knot, this shows that the signature of divide knots cannot be bounded from below in terms of genus.
Proposition 4.2. The signature of any divide knot of the family depicted in Fig. 9 is equal to two.
Proof. Choose the following basis of the first homology of the fiber surface. First the curves corresponding to the double points from inside out. Then the curves corresponding to the inner faces from inside out.
etc.
Figure 9.
For this choice of basis, the Seifert form of the divide with n crossings is given by the 2n × 2n matrix
Since A n is invertible, the formula
n B n holds. Furthermore, since A n is diagonal, it certainly commutes with B n and we obtain
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which is easily brought into upper triangular form. This upper triangular form then shows that the determinant of B t n B n − A n D n is always negative. Thus, we have that sign(det(S 2n )) = (−1) n (−1) = (−1) n+1 . Now we conclude the proof by induction over n. A quick calculation shows that S 4 has signature two. Now assume that the signature of S 2n is equal to two. The determinant of S 2(n+1) is of opposite sign than the determinant of S 2n . Additionally, S 2(n+1) contains S 2n as a minor. Thus, in addition to the eigenvalues of S 2n , S 2(n+1) has exactly one positive and one negative eigenvalue. In particular, the signatures of S 2(n+1) and S 2n are equal.
4.2.
Proof of Theorem 1.2 and its optimality. The proof of Theorem 1.2 relies on the quite technical Lemma 4.3, which, roughly speaking, gives a way of decomposing any tree that corresponds to a slalom divide into pieces on which the Seifert form is positive definite. We will use the following notation in this section. Let Γ be a tree. The choice of a root automatically orients all the edges, say away from the root. An outermost vertex is called leaf . Furthermore, we identify a slalom divide with its associated rooted tree: When we write b 1 (Γ), we mean the first Betti number of the slalom divide link corresponding to Γ. So b 1 (Γ) is equal to the number of vertices plus the number of edges of Γ. Furthermore, we denote by p(Γ) the number of positive eigenvalues of a matrix of the Seifert form of the slalom divide link corresponding to Γ. We will also consider subtrees Γ ⊂ Γ with some missing leaves. In this case p(Γ ) denotes the number of positive eigenvalues of a matrix of the Seifert form restricted to the subspace of the first homology corresponding to Γ . Lemma 4.3. Let Γ be a rooted tree with at least two vertices of degree at least three and possibly some missing leaves. Then it is possible to find a subtree Γ 0 ⊂ Γ such that the following conditions hold.
(1) The resulting tree Γ 1 = Γ − Γ 0 is connected and contains the root of Γ,
where M is the number of missing leaves of Γ 1 minus the number of missing leaves of Γ.
Proof of Theorem 1.2. Let P be a slalom divide and Γ its associated tree. The idea is to decompose Γ applying Lemma 4.3 first to Γ and then consecutively to the resulting tree. Apply Lemma 4.3 as often as possible, say r times, until the resulting tree has at most one vertex of degree at least three. Write Γ 0,i for the subtree, Γ 1,i for the resulting tree and M i for the M we obtain by the i-th use of Lemma 4.3. Thus, by (2) of Lemma 4.3, we get
For any tree Γ 1,r with at most one vertex of degree at least three, it is easily checked that either p(Γ 1,r ) = b 1 (Γ 1,r ) or p(Γ 1,r ) = b 1 (Γ 1,r ) − 1. The second case requires b 1 (Γ 1,r ) to be at least 8 − m, where m is the number of missing leaves of Γ 1,r . This follows from the fact that divide links corresponding to Dynkin diagrams of type D n , E 6 , E 7 or E 8 have maximal signature [B-D1] . The first case is easier, so we only show the second case. By (3) of Lemma 4.3, b 1 (Γ 0,i ) is at least 8 + M i , equality being the worst case for our estimate. Thus, we get
Furthermore, since we start with no missing leaf, the sum of all the M i is exactly equal to m. Therefore, we get that
which finishes the proof since σ = 2p − b 1 ≥ 14 8
Proof of Lemma 4.3. Let Γ be a rooted tree with at least two vertices of degree at least three and possibly some missing leaves. Let v be a vertex that is outermost among the vertices of degree at least three. Every edge pointing outwards from v gives rise to a subtree of Γ with only vertices of degree at most two: the maximal subtree containing the edge and v but no other edge adjacent to v. Let n = deg(v) − 1 denote the number of such subtrees, k the number of edges and x the number of missing leaves in the union of those subtrees. Case 1: n ≥ 3, k ≥ 4. Let Γ 0 be the union of the n subtrees specified above. Since on Γ 0 − v, the Seifert form is positive definite, (2) holds.
Case 2: n = k = 3, x ≥ 1. Let Γ 0 be as in Case 1 but add the one edge e pointing inwards from v. Since on Γ 0 − e, the Seifert form is positive definite, (2) holds.
Case 3: n = k = 3, x = 0. Let Γ 0 be as in Case 2. Since the Seifert form is not positive definite on Γ 0 − e, we cannot proceed as in Case 2 but have to calculate explicitly. The Seifert form of Γ is given by the matrix where the bottom-right block corresponds to the restriction of the Seifert form to Γ 0 , the top-left block to the restriction of the the Seifert form to Γ − Γ 0 and ∼ denotes a change of base. By changing the basis again, we get that the Seifert form can be expressed by the matrix Since the changes of base we applied never did anything to the top-left block, we get that p(Γ) = p(Γ − Γ 0 ) + 7. Case 4: n = 2, k ≥ 3. This works exactly the same as Case 2. For the next two cases, we have to consider one additional vertex: let v 1 be the vertex at the inward end of e, as in Fig. 10 .
Case 5: n = 2, k = 2, x = 0, deg(v 1 ) = 2. Let e 1 be the other edge adjacent to v 1 . Now let Γ 0 be as in Case 2 but with v 1 and e 1 added, see Fig. 10 . This works very similar to Case 3. Writing down a matrix for the Seifert form of Γ with the Seifert form restricted to Γ 0 in the bottom-right block and applying a change of base, we again get that p(Γ) = p(Γ − Γ 0 ) + 7.
Case 6: n = 2, k = 2, x ≥ 1, deg(v 1 ) = 2. Let Γ 0 be as in Case 5. Since on Γ 0 − e 1 , the Seifert form is positive definite, (2) holds. Case 7: none of the other cases can be applied. Letṽ be a vertex that is second-outermost among the vertices of degree at least three. As before, we define the subtrees corresponding to edges pointing outwards fromṽ. Since none of the first six cases can be applied, we know that each of those subtrees has either three edges or only vertices of degree at most two. Now let Γ 0 be the union of all those subtrees. Since on Γ 0 −ṽ, the Seifert form is positive definite, (2) holds. Sinceṽ is of degree at least three and second-outermost among the vertices of degree at least three, Γ 0 has at least four edges and thus b 1 (Γ 0 ) ≥ 9−x. Again from M = 1 − x it follows that b 1 (Γ 0 ) ≥ 9 − x = 8 + M , which implies (3).
Remark 4.4. The optimality of Theorem 1.2 follows directly from Case 3 or Case 5 in the proof of Lemma 4.3. The signature of the knots corresponding to the trees dealt with in these cases is equal to 6, while their first Betti number is equal to 8. By the reasoning in the proof, glueing such a tree to another tree always adds 6 to the signature and 8 to the first Betti number. For example, by glueing together copies of the tree Γ 0 of Fig. 10 , one always obtains a slalom divide knot with signature equal to exactly three quarters of the first Betti number. This constructions yields knots of arbitrarily high genus.
Questions
We conclude by asking some questions related to both signature and plumbing. The connection between plumbing and signature is given by the following Lemma 5.1, which will allow us to show in Example 5.2 that a plumbing of positive Hopf bands with a knot as boundary need not be a plumbing of trefoil fibers.
Lemma 5.1. Plumbing a Hopf band changes the signature by at most one and plumbing a trefoil fiber never reduces the signature.
Proof. Note that by choosing bases correctly, the matrix of the Seifert form before the plumbing is a minor of the matrix of the Seifert form after the plumbing. Since plumbing a Hopf band changes the first Betti number by one, the first statement follows. Similarly, the second statement follows from the fact that only one of the two core curves of the trefoil fiber touches the surface the trefoil fiber is plumbed onto.
Example 5.2. Fig. 2 shows the fiber surface of the left-handed trefoil knot and two embedded intervals with endpoints on the boundary of the surface. Every such embedded interval describes a Hopf plumbing. Now plumb a positive Hopf band first along the red interval and then another one along the blue interval. By choosing the correctly oriented core curves of the plumbed Hopf bands as a basis of the first homology, the entries of the matrix for the Seifert form become just the intersection numbers of the core curves. Calculating these yields the matrix     2 1 3 2 1 2 2 3 3 2 2 4 2 3 4 2
which has signature equal to zero. Since a plumbing of trefoil fibers has strictly positive signature by Lemma 5.1, the surface obtained after plumbing positive Hopf bands along the red and the blue interval is not a plumbing of trefoil fibers.
For the first question, note that by Lemma 3.3, the fiber surface of any divide knot depicted in Fig. 9 can be obtained by plumbing as many trefoil fibers as there are double points in the divide. In particular, it is possible to find a plumbing of arbitrarily many trefoil fibers that has signature equal to two. By Lemma 5.1, this is the minimal possible value for the signature of a plumbing of trefoil fibers. This leads to the question about the same minimality result for plumbings of positive Hopf bands. Since a plumbing of two positive Hopf bands has signature equal to two, by Lemma 5.1 the minimal possible value for the signature of a plumbing of n > 1 positive Hopf bands is 2 − (n − 2) = 4 − n.
Question 5.3. For any n > 1, is there a plumbing of n positive Hopf bands that has signature equal to 4 − n? For n ≤ 4, this is true by Example 5.2.
The second question concerns the trefoil plumbing structure of divide knots. Fig. 11 shows that for divide knots, it is always possible to deplumb a trefoil fiber as in Lemma 3.3 after first having deplumbed a positive Hopf band suitably. From this it follows that the fiber surface ∂D positive Hopf trefoil fiber deplumbing deplumbing Figure 11 .
of any divide knot can be constructed by plumbing some trefoil fibers and some positive Hopf bands. The question is whether this can also be done with trefoil fibers alone. Note that by Lemma 5.1, a positive answer to this question yields an elegant proof of Theorem 1.1.
Question 5.4. Is the fiber surface of any divide knot a plumbing of trefoil fibers?
Our last question is about the topological four-ball genus of slalom divide knots. Recall that Corollary 1.3 gives a linear lower bound for the topological four-ball genus of any slalom divide knot in terms of its genus. Furthermore, this bound is optimal. Indeed, among the slalom divide knots with signature equal to three quarters of the first Betti number, there exist examples with arbitrarily high genus and topological four-ball genus equal to exactly half the signature. One can ask whether this is always the case for slalom divide knots. This and similar questions will be subject to future research.
Question 5.5. Is the topological four-ball genus of any slalom divide knot equal to half its signature?
